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Abstract

Wepresentaproofoutlinegenerationsystemfor asimpledata-parallelkernel
languagecalled � . We showthatproof outlinesareequivalentto thesoundand
completeHoarelogic definedfor � in previouspapers.Proofoutlinesfor � are
very similar to thosefor usualscalar-like languages.In particular, theycanbe
mechanicallygeneratedbackwardsfrom thefinal post-assertionof theprogram.
Theyappearthusasavaluablebasisto implementavalidationassistancetool for
data-parallelprogramming.
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Introduction

Data-parallellanguageshaverecentlyemergedasa major tool for largescaleparallel
programming.An impressiveeffort is currentlybeingputondevelopingefficientcom-
pilers for High PerformanceFortran(HPF).A data-parallelextensionof C, primarily
influencedby ThinkingMachine’s C*, is currentlyunderstandardization.Ourgoal is
to provideall thesenewdevelopmentswith thenecessarysemanticbases.

In previouspapers,we havedefineda simple, but representative,data-parallel
kernel language[5], and we havedescribeda natural semanticsfor it. We have
designeda soundproof systembasedon anadaptationof Hoarelogic [4]. We have
shownit givesriseto aWeakestPreconditioncalculus[2], whichcanbeusedto prove
its completenessfor loop-freeprograms[3].

Yet, a crucialstepremainsto bedonefor a practicalapplicationof theseresults.
QuotingApt andOlderog’sseminalbook[1, Section3.4]:

Formalproofsaretediousto follow. Wearenotaccustomedto follow-
ing a line of reasoningpresentedin small,formal steps[...].

A possiblestrategyliesin thefactsthat[programs]arestructured.The
proofrulesfollow thesyntaxof theprogram,sothestructureof theprogram
canbeusedto structurethecorrectnessproof. We cansimply presentthe
proofbygivingaprogramwith assertionsinterleavedatappropriateplaces
[...].

Thistypeof proofis moresimpleto studyandanalysethantheonewe
usedsofar. Introducedby GriesandOwicki, it is calleda ProofOutline.

The presentationof Apt and Olderogfocuseson control-parallelprograms,that is,
sequentialprocessescomposedwith the � operator. In this paper, we showthat the
approachof GriesandOwicki can be adaptedas well to data-parallel� programs,
giving birth to a notionof data-parallelannotations.

For thesakeof completeness,we briefly recall in Section1 thedefinitionof the �
language,its logical two-partassertions,theassociatedHoarelogic andtheWeakest
Preconditioncalculus. Section2 describesthe formationrulesfor the Data-Parallel
ProofOutlines.In contrastwith theusualscalarcase,theyaregeneratedin twopasses.
Pass1labelsprograminstructionwith theirrespectiveextentofparallelism(tobecalled
activitycontextbelow);it workstop-down.Pass2generatestheintermediateassertions
startingfrom the final post-condition; it works bottom-up. Section3 describesan
example. Section4 provesour main result, which is the equivalencebetweenthis
notionof Data-ParallelProofOutlineandtheHoarelogic for � .

1 A sound and complete proof system for a small data-
parallel language

An extensivepresentationof the � languagecan be found in [5]. For the sakeof
completeness,webriefly recallits denotationalsemanticsasdescribedin [2].
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1.1 The � language

In thedata-parallelprogrammingmodel,thebasicobjectsarearrayswith parallelac-
cess.Twokindsof actionscanbeappliedto theseobjects:component-wiseoperations,
orglobalrearrangements. A programisasequentialcompositionof suchactions.Each
actionis associatedwith the setof array indicesat which it is applied. An index at
which anactionis appliedis saidto beactive. Otherindicesaresaidto be idle. The
setof activeindicesis calledtheactivitycontextor theextentof parallelism. It canbe
seenasa booleanarraywheretrue denotesactivity andfalseidleness.

The � languageis designedasa commonkernelof data-parallellanguageslike
C
 [9], HYPERC [8] or MPL [7]. Wedonotconsiderthescalarpartof theselanguages,
mainly importedfrom the � language. For the sakeof simplicity, we considera
uniquegeometryof arrays: arraysof dimensionone,alsocalledvectors. Then,all
the variablesof � are parallel, and all the objectsare vectorsof scalars,with one
componentat eachindex. As a convention,the parallel objectsare denotedwith
uppercaseletters.Thecomponentof parallelobject � locatedatindex � is denotedby
��� � . The legalexpressionsareusualpure expressions,i.e. expressionswithout side
effects. Thevalueof a pureexpressionat index � only dependson thevaluesof the
variablescomponentsat index � . Theexpressionsareevaluatedby applyingoperators
component-wiseto parallelvalues.We donot detail thesyntaxandsemanticsof such
expressionsanyfurther. Weintroduceaspecialvectorconstantcalled������� . Thevalue
of its componentat eachindex � is the value � itself: ���! "�������#� �%$&� . Note that
���'�(� is a pureexpressionandthatall constructsdefinedherearedeterministic. The
� -instructionsarethefollowing.

Assignment: � := ) . At eachactiveindex � , component��� � is updatedwith the
localvalueof pureexpression) .

Communication: get � from * into + . At eachactiveindex � , pure expression
* is evaluatedto an index , , thencomponent+-� � is updatedwith thevalueof
component��� . . We alwaysassumethat , is a valid index.

Sequencing: / ; � . On the terminationof the lastactionof / , theexecutionof the
actionsof � starts.

Conditioning: where 0 do / end. Theactiveindiceswherepurebooleanexpres-
sion 0 evaluatesto falsebecomeidle duringtheexecutionof / . Theotherones
remainactive.Theinitial activity contextis restoredon theterminationof / .

Iteration: loop 0 do / . Theactionsof / arerepeatedlyexecutedwith thecurrent
extentof parallelism,until purebooleanexpression0 evaluatesto falseat each
currentlyactiveindex. Thecurrentextentof parallelismis notmodified.

In thefollowing, werestrictourselvesto linear programs,i.e. programswithout loops.

1.2 Denotational semantics of linear � -programs

We recall thesemanticsof � definedin [2] in thestyleof denotationalsemantics,by
inductionon thesyntaxof � .
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An environment1 is a functionfrom identifiersto vectorvalues.Thesetof envi-
ronmentsis denotedby )32", . For convenience,we extendtheenvironmentfunctions
to the parallelexpressions:1546)87 denotesthe valueobtainedby evaluatingparallel
expression) in environment1 . We do not detail the internalsof expressionsany
further. Notethat 154 This79� � $:� by definition.

Definition 1 (Pure expression) A parallel expression) is pureif for anyindex � ,
andanyenvironments1 and 1"; ,

4<���= >154(�?79� �3$@1 ; 4(�?79� �>7BAC4D1546)879� �E$@1 ; 46)879� �>7GF
Let 1 be anenvironment,� a vectorvariableand H a vectorvalue. We denote

by 1BIJ�CKLHNM thenewenvironment1O; where 1";P4��Q7�$RH and 1O;P4(+87�$R1S4(+T7 for all
+VU$�� .

A contextW is a booleanvector. It specifiestheactivity at eachindex. Thesetof
contextsis denotedby �NX6Y . Wedistinguishaparticularcontextdenotedby Truewhere
all componentshavevalue true. For convenience,we definethe activity predicate
ActiveZ : ActiveZ[46�O7B\@W]� � .

A stateis apairmadeof anenvironmentandacontext.Thesetof statesis denoted
by /^XD_]XD` : /^X6_aX6`E$:46)32",3bc�NX6YO7edgf#hji where h denotestheundefinedstate.

The semanticsI Ik/^M M of a program / is a strict function from /5X6_aX6` to /^XD_]XD` .
I Il/5M M<4mhj7B$Rh , and I Il/^M M is extendedto setsof statesasusual.

Assignment: At eachactiveindex,thecomponentof theparallelvariableis updated
with thenewvalue.

I In� := )�M Mo461"pGWq75$r461 ; pGWq7Gp
with 1 ; $s1BIn�tKLHuM where Hg� � $v154D)T7w� � if ActiveZ[46�"7 , and Hx� � $v1S4(�?79� �
otherwise.Theactivity contextis preserved.

Communication: It actsverymuchasanassignment,exceptthattheassignedvalue
is thevalueof anothercomponent.

I I get � from * into +yM M<461"pmWq7^$z461 ; pmWq7
with 1 ; ${1|In+tK HEM where Hg� � $=154(�?79� }w~l�����n� if ActiveZ 4D�"7 , and Hg� � $
154(+379� � otherwise.

Sequencing: Sequentialcompositionis functionalcomposition.

I I�/ ; ��M M<4D1"pGWq75$RI I ��M M<4GI I�/^M Mo461"pGWq7�7mF
Conditioning: The denotationof a where constructis the denotationof its body

with anewcontext.Thenewcontextis theconjunctionof thepreviousonewith
thevalueof thepureconditioningexpression0 .

I Iwhere 0 do /5M M<461"pGWq7�$r461 ; pGWq7
with I I�/5M M<461"pGWS��15460�7�7B$r461 ; pGW ; 7 .
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1.3 The � � proof system

1.3.1 Assertion language

We defineanassertionlanguagefor thecorrectnessof � programsin thelinesof [1].
Sucha specificationis denotedby a formula f��EiN/cf���i where / is theprogramtext,
and � and � aretwo logical assertionson the variablesof / . This formula means
that,if precondition� is satisfiedin theinitial stateof program/ , andif / terminates,
thenpostcondition� is satisfiedin the final state. As we considerhereonly linear
programs,/ will alwaysterminate.A proof systemgivesa formal methodto derive
suchspecificationformulaeby syntax-directedinductiononprograms.

We recall below the proof systemdescribedin [2]. As in the usualsequential
case,theassertionlanguagemustbepowerfulenoughtoexpresspropertiesonvariable
values. Moreover, it has to handlethe evolution of the activity contextalong the
execution.An assertionshall thusbebrokenup into two parts: f���pm�3i , where � is a
predicateonprogramvariables,and � apurebooleanvectorexpression.Theintuition
is that the currentactivity contextis exactly the valueof � in the currentstate,as
expressedin thedefinitionbelow.

Definition 2 (Satisfiability) Let 461"pmWq7 bea state,and f���pG��i anassertion.Wesay
that 461"pGWq7 satisfiesthe assertionf���pm�3i , denotedby 4D1"pGWq7�� $�f���pm�3i , if 1�� $v� and
1546��7T$�W . The set of statessatisfying f���pG�3i is denotedby I Ilf���pm�3iwM M . Whenno
confusionmayarise,weidentify f���pm�3i and I Ikf���pG��i9M M .
Definition 3 (Assertion implication) Let f���pG��i and f��Tpm�gi be two assertions.
Wesaythat f���pG��i implies f��8pG�-i , andwrite f���pm�3ijACf��8pG�-i , iff

46��A��37 and 46�zA����% �4D�x� �y$:��� �a7
Our assertionlanguagemanipulatestwo kinds of variables,scalarvariablesand

vector variables. As a convention,scalarvariablesare denotedwith a lowercase
initial letter, andvectoroneswith an uppercaseone. We havea similar distinction
on arithmeticandlogical expressions.As usual,scalar(resp.vector)expressionsare
recursivelydefinedwith usualarithmeticandlogical connectives.Basicscalar(resp.
vector)expressionsarescalar(resp.vector)variablesandconstants.Vectorexpression
canbesubscripted.If thesubscriptexpressionis a scalarexpression,thenwe havea
scalarexpression.Otherwise,if thesubscriptexpressionis a vectorexpression,then
wehaveanothervectorexpression.Themeaningof avectorexpressionis obtainedby
component-wiseevaluation.We introducea scalarconditionalexpressionwith a � -
like notationWq�w`y ]� . Its valueis thevalueof expressioǹ if W is true,and � otherwise.
Similarly, thevalueof aconditionalvectorexpression,denotedby ���9)� ]� , is avector
whosecomponentat index � is )g� � if �x� � is true,and �T� � otherwise.

Predicatesareusualfirst orderformulae.Theyarerecursivelydefinedonboolean
scalarexpressionswith logicalconnectivesandexistentialanduniversalquantifierson
scalarvariables. Notethatwe donot considerquantificationonvectorvariables.

We introducea substitutionmechanismfor vectorvariables.Let � bea predicate
or any vectorexpression,� a vectorvariable,and ) a vectorexpression. �3I�)8���cM
denotesthepredicate,or expression,obtainedby substitutingall theoccurrencesof �
in � with ) . Notethatall vectorvariablesarefreeby thedefinitionof our assertion
language.TheusualSubstitutionLemma[1] extendsto thisnewsetting.
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Lemma 1 (Substitution lemma) For everypredicateonvectorvariables� ,vector
expression) andenvironment1 ,

1�� $@�3I�)8���cM iff 1BIn��K=1546)87(Me� $@�
Wecandefinethevalidity of aspecificationof a � programwith respectto its denota-
tionalsemantics.

Definition 4 (Specification validity) Let / bea � program, f���pm�3i and f��8pG�-i
two assertions. We say that specification f���pG��ic/sf��Tpm�gi is valid, denotedby
� $rf���pm�3i�/cf��8pG�-i , if for all states461"pGWq7

4�4D1"pGWq7�� $rf���pG��i]75AC4GI I�/^M M�461"pmWq7|� $rf��TpG�-i]7GF
1.3.2 Proof system

We recall on Figure 1 the proof systemdefinedin [3]. This systemis a restricted
proof system,in the sensethat a numberof rules only manipulatesa certainkind
of specificationformulae,preciselytheseformulae f���pG�3i /:f��Tpm�gi suchthat the
booleanvectorexpression� describingthefinal activity contextmaynotbemodified
by theprogram/ . More formally, usingthenotationsof [1], we definethefollowing
setsof variables.

Definition 5 Let ) beanexpression.Var 46)87 is thesetof all variablesappearingin
) . Expression) mayonly dependon the valuesof thesevariables. We extendthis
definitionto a � -program / : Var 4�/�7 is thesetof all variablesappearingin / .

Let / bea � -program. Change4�/¡7 is thesetof programvariableswhichappear
on the left-handsideof an assignmentstatementor as thetargetof a communication
statement.Only thesevariablesmaybemodifiedby executing/ .

A sufficientconditionto guaranteetheabsenceof interferencebetween/ and � is thus
Change4[/�7"¢ Var 4D�g7B$@£ .

The proof systemcontainsa particularrule, called the Substitution Rule. This
rule is usedto handleconditioningconstructswherethe variablesappearingin the
conditioningexpressionmaybemodifiedby thebodyof theconstruct.Moreformally,
if we considerthe programwhere 0 do / end with Var 460�7^¢ Change4�/�7EU$¤£ , the
valueof 0 onexiting / maybedifferentfrom its valueonenteringthisbody. Thisfact
leadsus to introducehiddenvariables, i.e. variablesthatdo not appearin programs,
contextexpressionsorpostconditions. Thesevariablesareusedtostoretemporarilythe
initial valueof conditioningexpressionsand,astheydonotappearin programs,these
valueremainsunchangedduring the executionof thebody. As hiddenvariablesare
in away“new” variables,thereis no reasonwhy theyshouldappearin specifications.
Theroleof theSubstitutionRuleis namelyto getrid of themeventually.

If a specificationformula f���pm�3ij/�f��8pG�-i is derivablein theproof system,then
wewrite ¥ 
 f���pG��i�/cf��Tpm�gi .
Theorem 1 (Soundness of ¥ 
 [3]) The ¥ 
 proofsystemis sound:If ¥ 
 f���pG��i�/
f��8pG�-i , then � $rf���pG�3i�/�f��TpG�-i .
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AssignmentRule
�¦�§ Var 46�g7

f��TIl46�-�9)¤ ]�?7����cM(p��-i^� := ):f��TpG�-i

CommunicationRule
+=�§ Var 46�-7

f��TIl4D�g�m�!� �c ]+87��#+NM(pm�gi get � from * into +sf��8pG�-i

SequencingRule
f���pm�3ij/¨f�©3pm)8i#p5f�©3pG)8iB�ªf��Tpm�gi

f���pG�3i�/ ; �«f��TpG�-i

ConditioningRule
f���pG�ª�x0�iN/cf��Tpm�gi#p Change4�/�7"¢ Var 46�37B$:£

f���pG��i where 0 do / end f��Tpm�3i

ConsequenceRule
f���pG��iNACf�� ; pG� ; i#p¡f�� ; pG� ; i�/cf�� ; pG� ; i>pBf�� ; pm� ; iNACf��8pG�-i

f���pG��i�/cf��Tpm�gi

SubstitutionRule
f���pG��i�/cf��Tpm�gi>p Tmp �§ Hy_>¬a4�/�7"d Var 46�37"d Var 46�-7

f��3I�)8� TmpM(pG�8I�)8� TmpM<i�/�f��TpG�-i

Figure1: The ¥ 
 proofsystemfor linear- �

1.4 Weakest preconditions calculus

A weakestpreconditionscalculushasbeenpresentedin [2], andhasbeenusedtoprove
the completenessof the ¥ 
 proof systemin [3]. We briefly recall heresomeuseful
definitionsandresults.

Definition 6 (Weakest preconditions) Let  be a subsetof /5X6_aX6` , / a linear
� -program.Wedefinetheweakestpreconditionsas

WP4�/5pG575$rf�� § State �®I I�/5M M<46�¯7 § 5i
Lemma 2 (Consequence Lemma) � $ f���pG�3i°/ f��Tpm�gi iff I Ilf���pG��iwM M ±
WP4[/^pwf��8pG�-i]7 .

Theweakestpreconditionsdefinedabovearesetsof states.As such,theycannot
beexplicitly manipulatedin theproof system.We haveto provethat theseparticular
setsof statescanactuallybedescribedby suitableassertions.This is thedefinability
problem.Definability resultshavebeenprovedin [2]. TheyarelisteduponFigure2.
We addherea generalresultonWPthatwill helpusin thenextsection:if weusethe
Definability Propertiesto constructtheassertiondefininga weakestprecondition,the
variablesappearingin thisassertionalreadyappearin theprogram,thepostconditionor
thecontextexpression.In otherwords,andmoreintuitively, computinga WPdoesn’t
generate“new” variables.This fact is expressedin thefollowing proposition.
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Construct Conditions WeakestPrecondition

Assignment �²�§ Hy_>¬a46�g7 WP4(� := )8pwf��8pG�-i]7
$rf��TIk46�g�w)s ]�?7��q��M�p��gi

Communication +=�§ H³_>¬a46�-7 WP4 get � from * into +gpwf��TpG�-i]7
$rf��8Il46�-�G��� �  a+T7��>+NM(pG�-i

Sequencing —
WP4�/�´ ; /�µwp¶f��Tpm�gia7

$ WP4�/e´wp WP4�/�µqpwf��TpG�-i]7�7

Conditioning(1)

Hy_>¬a46�-7�¢g�y�'_#2®·�`�4�/¡7^$@£
HE_#¬a460�7e¢��E��_>2®·®`¯4�/�75$@£

WP4�/5pwf��8pG�:�g03i]7B$zf���pG��i

WP4 where 0 do / end pwf��8pG�-i]7
$rf���pm�gi

Conditioning(2)

Hy_>¬a46�-7�¢g�y�'_#2®·�`�4�/¡7^$@£
Tmp �§ Var 4�/�7"d Var 46�37"d Var 46�-7
WP4[/^pwf��8pG�¸� Tmpi]7¡$@f���pG�3i

WP4 where 0 do / end pwf��8pG�-i]7
$rf��3I�0�� TmpM�pG�-i

Figure2: Definabilitypropertiesof weakestpreconditionsfor linear � -programs
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Proposition 1 Let ¹ bea variable, / a program, � an assertionand � a boolean
expressionsuchthatVar 46�g7"¢ Change4�/¡7B$@£ . If

¹º�§ Var 4[/�7"d Var 46��7ed Var 46�-7Gp
thenthereexistssomeassertionf���pm�3i suchthat

WP4�/5pwf��8pG�-i]7e$rf���pm�3i#p
and

¹&�§ Var 46�E7ed Var 46�37mF
Proof

This resultis a consequenceof thedefinabilityproperties,andis establishedby
inductionon thestructureof / .

» If /�\�� := ) ,WP4[/^pwf��8pG�-i]7"$rf��8Il46�-�9)s a�Q7[���cM(p��gi>F As ¹º�§ f��?i�d
Var 46)87�d Var 46�37�d Var 4D�g7 , ¹ doesn’t appearin theweakestprecondition.

» Thecaseof communicationis similar to thatof assignment.
» If /¼\r/ ´ ; / µ , thenbyinductionhypothesis¹ doesn’t appearin theassertion

WP4�/�µwp¶f��Tpm�gi]7 . As WP4�/"µwpwf��8pG�-i]7 is usedaspostconditionfor /e´ , a
seconduseof theinductionhypothesisfor /e´ showsthat ¹ doesn’t appear
in theassertionWP4[/^pwf��8pG�-i]7 .

» If /�\ where 0 do � end, we havetwo casesto consider.

– If Var 4D0375¢ Change4�/�7�$s£ , we apply thefirst definabilityproperty
for conditioning. Let usassumethatWP4(�jpwf��8pG�:�g03i]7�$�f���pG��i .
We have ¹²�§ Var 4�/¡7 , so ¹t�§ Var 4D037 . The induction hypothesis
thusyields ¹½�§ Var 46�E7 , so ¹ doesn’t appearin f���pG�-i , which is the
preconditionfor / .

– If Var 4D037�¢ Change4�/�7�U$@£ , weapplytheseconddefinabilityproperty
for conditioning. Let Tmpbe a variablenot in Var 4(�N75d Var 4D�37Bd
Var 46�-7 , and let f���pm�3i be WP4(��p¶f��Tpm��� Tmpi]7 . If ¹=$ Tmp,
then,asWP4�/^pwf��TpG�-i]7�$Vf��3I�0�� TmpM�pG�-i , ¹ is substitutedby 0
in the weakestprecondition,so it doesn’t appearin it any more. If
¹vU$ Tmp, thenby inductionhypothesis¹º�§ Var 46�E7 and¹º�§ Var 46037 ,
so ¹º�§ Var 46�3I�03� TmpM<7 .

Proofof Proposition1 is done.

As shownin [3], theuseof WPcalculusis thekeyto establishthecompletenessof
the ¥ 
 proofsystem.

Theorem 2 (Completeness of ¥ 
 [3]) Let f���pG��i�/gf��Tpm�gi bea specification.If

� $zf���pG��i�/cf��Tpm�gi
then

¥ 
 f���pG��i�/cf��Tpm�gi
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2 A simple two-pass proof method

We presentherea simple proof methodthat allows, after a first step that slightly
transformstheprogram,to handleit asanusualscalarprogram.Thefirst stepconsists
in alabelingof theprogramthatexpressesthedepthof conditioningconstructs.In other
words,a subprogramlabeledby � is executedwithin thescopeof � where constructs.
This labelingfollows thesyntaxof theprogram:labelsareincreasedon enteringthe
bodyof anewconditioningconstruct.Contextexpressionsaresavedherein aseriesof
auxiliaryvariables.Thisallowsusto alleviateanyrestrictiononcontextexpressions.

Thesecondstepconsistsin a proof methodsimilar to thatusedin thescalarcase.
It is presentedherein theform of aproof outline. As introducedby GriesandOwicki
in 1976, this form gives a more convenientpresentationof the proof, interleaving
assertionsandprogramconstructs[1].

In thissection,wegive theformaldescriptionof thetwo steps,andthenprovethe
equivalencebetweenthisproofmethodandthe ¥ 
 proofsystem.

2.1 First step: syntactic labeling

In this step,we associateto eachsubprogramof the consideredprograman integer
labelthatcountsthenumberof nestingwhere constructs.Countingstartsat ¾ for the
entireprogram.Considerfor instancetheprogram

where X ¿ 0 do
X:=X+1;
where X ¿ 2 do

X:=X+1;
end end

Wewantto getthefollowing labeling.

(0) where X ¿ 0 do
(1) X:=X+1;
(1) where X ¿ 2 do

(2) X:=X+1
end

end

In orderto storecontextexpressions,wedistinguishparticularauxiliaryvariablesthat
donotappearin programs.

Definition 7 Variables f TmpÀB�]� §%Á i aresuchthat for anyprogram / , andfor any
index � , TmpÀ �§ Var 4�/�7 . Thissetis thesetof auxiliaryvariables.

Theconditioningconstructcanbeseenasa stackmechanism:enteringa where
constructis thesameaspushingavalueonacontextstack,while exitingthisconstruct
correspondsto a “pop”. Thelabel is namelytheheightof thestack.At a givenpoint,
thecurrentcontextis correspondingto theconjunctionof all thestack’s values.Each
auxiliaryvariableis usedto storeonecell of thecontextstack.Thanksto thisstorage,
thevariablesappearingin contextexpressionsmaybemodified.Wethuscanalleviate
restrictionsoncontextexpressions.
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For a subprogramat depth � , the currentcontextis the currentvalueof TmpÂ��
F�FqFq� TmpÀ . To geta clearerpresentationof this fact,we addannotationsof the form
I TmpÀ \@0uM to eachwhere construct.Thepreviousexampleis recastinto

(0) where X ¿ 0 do [Tmṕ \ª�=¿�¾ ]
(1) X:=X+1;
(1) where X ¿ 2 do [Tmpµ \���¿�Ã ]

(2) X:=X+1
end

end

We now give a formal definition of programlabeling. It is madeby induction
on theprogram’s syntacticstructure,andexpressedby theruleslistedbelow, Ä¡4 S pG¾>7
beingthelabelingof programS.

Ä¡4e� := )�pG�Å7C$ 46�D7e� := )
Ä¡4 get � from * into +ºpG�Å7C$ 46�D7 get � from * into +

Ä¡4B/ ; �rpG�Å7C$ Ä¡4�/^pm�D7 ; Ä¡4(��pm�D7
Ä¡4 where 0 do / end pG�Å7C$ 46�D7 where 0 do I TmpÀPÆ ´ \@0NM

Ä¡4�/^pm��Ç�È�7
end

2.2 Second step: proof outline

A proof outline is a visual and convenientway to presenta proof with assertions
interleavedin the text of the programat appropriateplaces[1]. The structureof the
proof follows thestructureof theprogram,thusgiving a morereadablepresentation.

As we uselabeledprograms,andauxiliaryvariablesto storecontexts,weknowat
eachplacein the programtheexpressiondenotingthe currentcontext. We thencan
dropcontextexpressionsoutof assertionsandproceedexactlythesamewayasin the
scalarcase,with backwardsubstitutions. The only differencesare that expressions
in substitutions areconditionedby a conjunctionof TmpÉ and that the data-parallel
where constructaddsa newsubstitution. The rulesfor insertingassertionsin proof
outlinesaregiven below. Contiguitybetweentwo assertionsrefersto the useof the
consequencerule. If / is a labeledsubprogram,we denoteby / 
 a proof outline
obtainedfrom / by insertionof assertions,andby Lab4�/¡7 thelabelassociatedto / .

�#Êx¿��[p TmpË �§ Var 46�37
f��TI�Ì À ÉmÍ Â TmpÉq�w)� a�g���cM<i�46�Å7 X := E f���i

�#Êx¿��[p TmpË �§ Var 46�37
f��TI Ì À ÉmÍ Â TmpÉ �G��� �� �+��>+yM<ij46�Å7 get X from A into Y f��3i
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f��EiN/ 
 f�©Ei f�©Ei�� 
 f���i �#Êx¿ Lab4�/¡7Gp TmpË �§ Var 46©E7�d Var 46�37
f��Eij/ 
 ; f�©Ei�� 
 f��3i

��A{�j;°f��j;�ij/ 
 f��u;�i �N;'A{� �#Êg¿ Lab4�/�7Gp TmpË �§ Var 46�37�d Var 46�u;P7
f��Ei]f�� ; ij/ 
 f�� ; iaf��3i

f��Eij/ 
 f���i Lab4[/�75$@�"Ç�È �#Êg¿ª��p TmpË3U§ Var 46�37
f��3I�0�� TmpÀPÆ ´ M<ij46�D7 where B do I TmpÀkÆ ´ \@0NM

f��Ei
/ 

f��3i
end f���i

f��Eij/ 
 f��3i
f��Ei�/ 
D
 f��3i

where / 
D
 is obtainedfrom / 
 by deletinganyassertion.

Let us explain intuitively the needof restrictionsof the form “ �#Ê�¿½�[p TmpËª�§
Var 46��7 ”. In therule for theconditioningconstruct,we substituteTmpÀPÆ ´ by 0 . We
thusneedthat TmpÀPÆ ´ �§ Var 46�37 to respectthe conditionsof the SubstitutionRule.
But, asthepostcondition( � ) is thesamefor / andfor where 0 do / end, we need
thatconditionto besatisfiedfor everynestingdepthgreaterthanLab4�/�7 .

We will provein Section4 thatthisproof methodby annotationsis in fact strictly
equivalentto the ¥ 
 proofsystemdefinedabove.

Theorem 3 Let f��Ei%46¾>7�/:f���i be a formula suchthat for each Ê:¿�¾ , TmpË U§
Var 46��7 .

f��EiN/ 
 f���i is a proofoutlinefor /Î
¥ 
 f���p TmpÂ ij/cf��Tp TmpÂ i

3 A small example

Wegobackin thissectiontoourpreviousexample.Wewanttoprovethetwofollowing
specifications.

f���� � $:Ã�p Truei
where X ¿ 0 do

X:=X+1 ;
where X ¿ 2 do

X:=X+1
end

end
f���� � $ªÏ�p Truei

f���� � $RÈ]p Truei
where X ¿ 0 do

X:=X+1 ;
where X ¿ 2 do

X:=X+1
end

end
f���� � $@Ã�p Truei
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Theproofsaresimplydonebyestablishingthefollowing proofoutline— theresult
of thefirst stephasalreadybeengivenasexamplein theprevioussection.

First proof f]4 TmpÂ �c� ¿½¾3�¼4 TmpÂ ��� ¿½¾>�G��ÇRÈ¼ B�?7³¿ÐÃÑ��4 TmpÂ �¨� ¿
¾>�m�ÐÇ�ÈN a�?7�Ç�ÈN 
4 TmpÂ �x�=¿ª¾>�G�VÇ�Èy ��?7�7w� � $�Ï�i
(0) where X ¿ 0 do [Tmṕ \ª�{¿�¾ ]

f]4 TmpÂ � Tmṕ �g4 TmpÂ � Tmṕ �G�VÇ@ÈN ��?7�¿�Ã>�q4 TmpÂ � Tmṕ �G�VÇ�ÈN 
�?7"Ç�Èy 
4 TmpÂ � Tmṕ �G�VÇ�Èy ��?7�7w� �E$�Ï�i

(1) X:=X+1 ;

f]4 TmpÂ � Tmṕ �T�{¿ªÃ>�G�VÇ�Èy ��?79� � $�Ï�i
(1) where X ¿ 2 do [Tmpµ \���¿�Ã ]

f]4 TmpÂ � Tmṕ � Tmpµ �G�VÇ�Èy ��?79� �3$�Ï�i
(2) X:=X+1

f���� � $�Ï�i
end

f���� � $�Ï®i
end

f���� � $ªÏ�i
If we denoteby � thefirst assertionof this proof outline,we only haveto prove

that
��� �E$@Ãj� TmpÂ $ True A{��F

In otherwords,weprovethat

��� � $@Ã�A{�3I True� TmpÂ M
Theassertion�3I True� TmpÂ M is equivalentto

f]4(��¿�¾"��4��=¿�¾>�m��ÇxÈa n�?7S¿�ÃÑ��4(��¿�¾>�m��ÇxÈa n�?7�ÇxÈ] J4(�=¿�¾Ñ�G�ªÇxÈ] n�?7�79� �3$�Ï�i
Let us consideran index � suchthat ��� �«$�Ã . Then, the booleanexpression

4(��¿�¾>79� � is true. As �ÒÇ�È#� � ¿�Ã , 4�4(��¿�¾>�m�½Ç@ÈN ��?7�¿�ÃÑ79� � is alsotrue.
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Conditionalexpression

4(��¿�¾|�y4(��¿�¾>�m��Ç�ÈN ]�?7B¿�Ã>�q4(�{¿ª¾>�G��Ç�ÈN ��?7>Ç�Èj >4(��¿�¾>�G��ÇcÈN ��Q7[79� �
thussimplifiesinto 4(��¿�¾>�m�:ÇxÈy ��?7qÇxÈ#� � , whichin turnsimplifiesinto �:ÇxÈ®ÇxÈ#� � .

Assertion�3I True� TmpÂ M thussimplifiesinto �VÇ�È�Ç�È>� �y$ªÏ , which is true.

Second proof. As no simplificationusingthevalueof � occursin thefirst proof
outline, the secondis almostthe same: we just replacethe value Ï by the value Ã .
Then,if we denoteby � ; the assertionobtainedby substitutingÏ by Ã in � , we just
haveto checkthat

��� � $RÈNA{� ; I True� TmpÂ M
Let us consideran index � suchthat ��� �«$�È . Then, the booleanexpression

4(�t¿s¾>79� � is true. But this time, as ��ÇrÈ#� � $�Ã , 4�4��Ó¿�¾>�G�ÔÇ¸È  '�Q7j¿vÃÑ79� � is
false.

Conditionalexpression

4(��¿�¾|�y4(��¿�¾>�m��Ç�ÈN ]�?7B¿�Ã>�q4(�{¿ª¾>�G��Ç�ÈN ��?7>Ç�Èj >4(��¿�¾>�G��ÇcÈN ��Q7[79� �
thussimplifiesinto 4(��¿�¾>�G�ÒÇ@ÈN ��?79� � , which in turnsimplifiesinto �VÇ�È#� � .

Assertion�j;<I True� TmpÂ M thussimplifiesinto �ÒÇ@È#� �E$@Ã , which is true.

4 Equivalence of Proof Outlines and ÕNÖ
We now want to provethat the methoddefinedaboveis equivalentto the ¥ 
 proof
system.Moreprecisely, wewantto provethefollowing theorem.

Theorem 3 Let f��Ei%46¾>7�/:f���i be a formula suchthat for each Ê:¿�¾ , TmpË U§
Var 46��7 .

f��EiN/ 
 f���i is a proofoutlinefor /Î
¥ 
 f���p TmpÂ ij/cf��Tp TmpÂ i

Weactuallyprovethemoregeneralfollowing fact.

Proposition 2 Let / be a subprogramlabeledby � , and � and � assertionssuch
that �#Êx¿ª��p TmpË �§ Var 46�37 . Then

f��Eij/ 
 f��3i
is a proofoutlinefor / if andonly if

¥ 
 f���p TmpÂ|�¨F�F�Fq� TmpÀ ij/cf��Tp TmpÂ|�¨F�FqF�� TmpÀ i
Webeginwith theeasiestpartof theproof: if thereexistsa proofoutline,thenthe

desiredspecificationis derivablein ¥ 
 .
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Proof

Let / bea subprogramlabeledwith � , and f��EiE/ 
 f��3i a proof outline for / .
Theproof is by inductionon the lengthof the constructionmadeto obtainthe
proofoutline. Wehavesix casesto consider, correspondingrespectivelyto each
derivationrule for proofoutlines.

» If thelastruleappliedwas

�#Ê ¿���p TmpË �§ Var 46��7
f��TI Ì À ÉmÍ Â TmpÉ �9)� ��g���cM<i�46�Å7 X := E f���i p

then,since �²U§ f TmpÀ �®� §QÁ i , we have ¥ 
 f���p TmpÂ �cF�F�Fq� TmpÀ iy/
f��Tp TmpÂ �¨F�FqF�� TmpÀ(i .

» The secondcase,dealingwith the communicationstatement,is handled
exactlythesameway.

» If thelastruleappliedwas

��A{� ; f�� ; i�/ 
 f�� ; i � ; A�� �#Êg¿ Lab4�/¡7Gp TmpË �§ Var 46�37"d Var 46� ; 7
f��Ei]f�� ; ij/ 
 f�� ; i]f���i p

then by induction hypothesiswe have ¥ 
 f�� ; p TmpÂ ��F�FqF�� TmpÀ i�/
f�� ; p TmpÂ �¨FqF�Fw� TmpÀ i , sotheconsequenceruleof ¥ 
 appliesandgives
thedesiredresult.

» If thelast rule appliedwastherule for sequentialcomposition,thenthere
exist /e´ and /�µ such that / = /e´ ; /�µ , and an assertion© suchthat we
havetheproof outlines f��Ei³/ 
´ f�©Ei and f�©Eiy/ 
µ f��3i . Furthermore,we
know that /e´ and /�µ are labeledby the samevalue � . By the rule for
sequentialcompositionin proof outlines,we have�#Ê¨¿r��p TmpË �§ Var © .
By inductionhypothesis,we thushave

¥ 
 f���p TmpÂ|�¨F�FqFw� TmpÀ iN/ 
´ f�©3p TmpÂB�¨FqF�Fw� TmpÀ i
and

¥ 
 f�©3p TmpÂ ��FqF�Fw� TmpÀ ij/ 
µ f��Tp TmpÂ ��F�FqFw� TmpÀ i#F
Then,theSequencingRuleof ¥ 
 appliesandyields

¥ 
 f���p TmpÂ �¨F�FqFw� TmpÀ ij/cf��Tp TmpÂ �¨FqF�Fw� TmpÀ i>F
» If thelastusedrulewas

f�� ; i�� 
 f���i Lab4(�u7B$@�"Ç�È �#Êg¿ª��p TmpË3U§ Var 46�37
f��j;<I�0�� TmpÀPÆ ´ M<ij46�D7 where 0 do I TmpÀPÆ ´ \@0uM

� 

end f��3i

with ��$&� ; I�0�� TmpÀPÆ ´ M . We have �#Ê?¿��5ÇrÈ]p TmpËcU§ Var 4D�37 , so by
inductionhypothesis

¥ 
 f�� ; p TmpÂ �³F�FqF�� TmpÀ � TmpÀPÆ ´ iS�?f��8p TmpÂ �³FqF�FD� TmpÀ � TmpÀPÆ ´ i
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As f�� ; � TmpÀPÆ ´ $½0Tp TmpÂ��QFqF�F�� TmpÀ ��03i%A f�� ; p TmpÂ×��F�F�Fa�
TmpÀ � TmpÀPÆ ´ i , theConsequenceRuleyields

¥ 
 f�� ; � TmpÀkÆ ´ $@08p TmpÂ ��F�FqFn� TmpÀ �^03ie�¼f��Tp TmpÂ ��F�FqFn� TmpÀ � TmpÀkÆ ´ i#F
Thewhere Ruleappliesandyields

¥ 
 f�� ; � TmpÀPÆ ´ $:0Tp TmpÂ ��FqF�F¶� TmpÀ i�/cf��8p TmpÂ �cF�F�F¶� TmpÀ i#F
Finally, usingtheSubstitutionRulewith 03� TmpÀPÆ ´ yields

¥ 
 f���p TmpÂ �¨F�FqFw� TmpÀ ij/cf��Tp TmpÂ �¨FqF�Fw� TmpÀ i>F
» Thelastcase(eliminationof assertionsin theproofoutline)is straightfor-

ward.

Theproofof thefirst partof Proposition2 is done.

We now want to provesecondpartof Proposition2. Theproof usestheweakest
preconditionsandneedsthefollowing auxiliary result.

Proposition 3 Let � beanassertionsuchthatTmpÀPÆ ´ �§ Var 4D�37 . If

WP4�/^p¶f��Tp TmpÂ �¨F�FqFw� TmpÀkÆ ´ i]7B$rf���p TmpÂ ��F�FqFw� TmpÀkÆ ´ i#p
then

WP4 where 0 do / end p¶f��Tp TmpÂ ��F�FqFn� TmpÀ i]7B$zf��3I�03� TmpÀPÆ ´ M�p TmpÂ ��FqF�F�� TmpÀ i#F
Proof

Let 461"pGWq7 § WP4 where 0 do / end pwf��8p TmpÂ �cF�FqFw� TmpÀ(ia7 . Let 461";�pGWq7 be
I Iwhere 0 do / end M M<461"pGWq7 . We have I IS M MØ4D1"pGW¡��1S46037�7�$s461 ; pGW¡�g15460�7�7 , and
461";ØpmWq7|� $zf��Tp TmpÂ ��F�FqFl� TmpÀ(i bythedefinitionof WP. Let 1"´¡$@1BI TmpÀPÆ ´ K
1546037�M , and 1 ;´ $R1O´9I TmpÀPÆ ´ KC15460�7(M . Since ��Ù3Ú ÀPÆ ´ is anauxiliary variable,
wehaveTmpÀPÆ ´ U§ Var 4[/�7 , and

I I S M M<461O´GpGW|��1S46037�7B$z461 ;´ pmWB�x1S46037�7mp
and,as �jÙ3Ú ÀPÆ ´�U§ Var 46�37 ,

461 ;´ pGWq7�� $rf��8p TmpÂ �¨F�FqFw� TmpÀ<i#F
Furthermore,1";´ 4 TmpÀPÆ ´ 7B$@1S46037 , so

461 ;´ pGW|�x1546037[7�� $rf��Tp TmpÂ �¨FqF�F¶� TmpÀPÆ ´ i>F
Wecandeducethat 461"´GpmWB�x1S46037�7�� $zf���p TmpÂ ��FqF�Fw� TmpÀPÆ ´ i . Thus

1Q� $:�3I�03� TmpÀPÆ ´ M(F
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AsTmpÀ isanauxiliaryvariable,wehave����p TmpÀ U§ Var 4�/¡7 , so 1 ; 4 TmpÂ��yFqF�F��
TmpÀ 7¡$@W implies

154 TmpÂ �¨F�FqFw� TmpÀ 7¡$@W�F
Conversely, let 4D1"pGWq7 §²ÛnÛ f��3I�0�� TmpÀPÆ ´ M(p TmpÂ|�¨F�FqFw� TmpÀ i�ÜnÜ , and 1 ´ $
1BI TmpÀPÆ ´ K=1S46037(M . We have

I Iwhere 0 do / end M M�461"pGWq75$r461 ; pGWq7Gp
with I IS M MØ4D1"pGW|��15460�7�7B$r461O;ØpGW|�x15460�7�7 .
If 1 ;´ $@1"´wI TmpÀkÆ ´ K=15460�7(M , we alsohave

I Iwhere 0 do / endM M<461"´mpGWq75$r461 ;´ pGWq7mp
with I IS M MØ4D1 ´ pGW|�x1546037[7B$r461 ;´ pGW|��15460�7�7 .
As 4D1"pGWq7 §:ÛnÛ f��3I�0�� TmpÀPÆ ´ M(p TmpÂ|�¨F�FqFw� TmpÀ i�ÜnÜ , 1 ´ � $@� , andasTmpÀPÆ ´ U§
Var 46037 , wehave1O´G4 TmpÂ �3F�FqFD� TmpÀPÆ ´ 7�$:W"�Ý1S46037 . By hypothesis,wehave
thus

461 ;´ pGW|�x1546037[7�� $rf��Tp TmpÂ �¨FqF�F¶� TmpÀPÆ ´ i>F
As TmpÀPÆ ´ U§ Var 4D�37 , weconcludethat

1 ; � $@�
Furthermore,����p TmpÀ¡U§ Var 4�/¡7 , so

1 ; 4 TmpÂ �¨F�FqFw� TmpÀ(7¡$!1S4 TmpÂ �cF�FqFw� TmpÀ�7B$@W�F
Thisconcludestheproofof proposition3.

Wecannowprovethesecondpartof Proposition2.

Proof

Let usassumethat

¥ 
 f���p TmpÂ �¨F�FqFw� TmpÀ ij/cf��Tp TmpÂ �¨FqF�Fw� TmpÀ i>F
Wewantto find a proofoutlineof theform

f��Eij/ 
 f��3i#F
Weconstructthisoutlineby inductionon thestructureof / .

» If /�\�� := ) : by thesoundnessof theproofsystem,wehave

� $rf���p TmpÂ �cF�FqFw� TmpÀ ij/�f��Tp TmpÂ ��F�FqFw� TmpÀ i#F
By thedefinitionof WP, we have

f���p TmpÂ �¨FqF�Fw� TmpÀ iEA WP4�/^p¶f��Tp TmpÂ �¨F�FqFw� TmpÀ i]7
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whereWP4�/5pwf��8p TmpÂ��«F�FqF>� TmpÀ i]7 $�f��TI TmpÂÝ�ÞFqF�Fa� TmpÀ �w)t 
�g���cM(p TmpÂ ��FqF�Fw� TmpÀ i . Then

f��Ei
f��8I TmpÂ �¨FqF�F¶� TmpÀ �9)º ��g���cM<i

/
f���i

is a proofoutlinefor / .
» Thecaseof communicationstatementis handledthesameway.
» If /�\r/�´ ; /"µ . Let

f��5µ�p TmpÂ ��FqF�Fw� TmpÀ(iN$ WP4�/�µ¶pwf��8p TmpÂ �¨FqF�Fw� TmpÀ(ia7
and

f��|´Gp TmpÂ �¨F�FqFq� TmpÀ iN$ WP4�/�´Gpwf��5µwp TmpÂ ��FqF�Fw� TmpÀ ia7GF
As �#Ê:¿��[p TmpËr�§ Var 4�/¡7�d Var 46�37 , Lemma1 guaranteesthat �#Êr¿
��p TmpË �§ Var 46�5µm7 . Thepremisesof therulefor sequentialcompositionare
thussatisfied.By thesoundnessof ¥ 
 , wehave � $zf���p TmpÂ �TF�FqFD� TmpÀ i
/¨f��8p TmpÂ �¨F�F�F¶� TmpÀ i , soby thedefinitionof WP,

��A{�|´9F
Then f��Ei

f��B´mi
/ ´

f��^µ¶i
/"µ

f��3i
is a proofoutlinefor / .

» Considernow the casewhen /�\ where 0 do � end. The weakest
preconditionscalculusenablesusto constructaproof

¥ 
 f�� ; p TmpÂ|�¨F�FqFw� TmpÀkÆ ´ i��:f��Tp TmpÂ|�¨F�FqF�� TmpÀPÆ ´ i#p
where

f�� ; p TmpÂ �¨F�FqFw� TmpÀPÆ ´ iy$ WP4���pwf��Tp TmpÂ �¨FqF�Fw� TmpÀPÆ ´ i]7GF
By inductionhypothesis,

f��j;�i
� 


f��3i
is a proofoutlinefor � .
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But Proposition3 yields

WP4�/^pwf��Tp TmpÂ �gF�FqFm� TmpÀ i]7B$zf�� ; I�03� TmpÀPÆ ´ M(p TmpÂ ��FqF�Fw� TmpÀ i#F
Then,by thesoundnessof theproofsystem,wehave

� $rf���p TmpÂ �cF�FqFw� TmpÀ ij/�f��Tp TmpÂ ��F�FqFw� TmpÀ i#F
Weconcludethat �sA{�j;<I�0�� TmpÀPÆ ´ M andthat

f��Ei
f�� ; I�0�� TmpÀPÆ ´ M<i

where 0 do I TmpÀkÆ ´ \@0uM
f�� ; i
� 

f���i
end

f��3i
is a proofoutlinefor / .

5 Discussion

We have defineda notion of Proof Outline for a simple data-parallelkernel lan-
guage.Dueto the two-partnatureof theprogramassertions,it works in two passes.
Pass1 labelslabelseachinstructionwith its respectiveextentof parallelismtop-down;
Pass2 generatestheintermediateannotationsbottom-up,startingfrom thefinal post-
condition.

Pass1 amountsto asimplerewriting. It couldeasilybehandledby someadvanced
texteditor. Therewritingprocessis slightly morecomplexdueto thepossibleconflict
betweenthevectorbooleanexpressionsdenotingthecurrentextentof parallelismand
the assignments.FreshtemporaryvariablesTmpÀ haveto be introducedto savethe
activity contexts. Pass2 is very similar to a Proof Annotationgeneratingsystem
for usual,scalarPascal-likelanguages.The only differencelies in the slightly more
complexsubstitutionmechanism.

Thissimilarity confirmsthatvalidatingdata-parallelprogramsis of thesamelevel
of complexityasvalidatingscalarprograms.This is in strongcontrastwith control-
parallel CSP-likeprograms. In this respect,the data-parallelprogrammingmodel
appearsasa suitablebasisfor large-scaleparallelsoftwareengineering.

A numberof additionalremarkscanbemade.

» Ourequivalenceresultcouldprobablybeadaptedtoothershapesof assertions.It
couldbeinterestingtoconsiderfor instancetheone-partassertionsof LeGuyadec
andVirot [6] wherethe currentextentof parallelismis kept asthe valueof a
specialß symbol.
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» Our two-passannotationmethodcouldeasilybe carriedout mechanicallyand
integratedin somedesign/validationassistancetool. Themaindifficulty lies in
keepingtheassertionssimpleenoughto beunderstood(andcorrected!)by ahu-
manreader. Thecomplexsubstitutionmechanismgeneratesnestedconditional
expressionswhich shouldbesimplifiedonthefly by someadditionaltool.

» Considera conditionedstatement(i) where 0 do / . If theconditionedbody /
doesnot interferewith theexpressiondenotingthecurrentextentof parallelism,
thereis no needto introduceany auxiliary TmpÀPÆ ´ variable. Onecanaswell
usetheconditioningexpression0 directly. This will probablyresultin simpler
assertions.Suchan optimizationshoulddefinitely be consideredin designing
anyrealassistancetool.

» Proof outlinescan also be usedfor automaticprogramdocumentation. An
interestingapplicationwould be to generateannotationsat certain“hot spots”
in theprogramonly, focusingon a setof crucialprogramvariables.This could
probablyserveasabasisfor aninteractivetool wheretheusercouldbuild at the
sametime boththeprogramanda (partial)proofof it.
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