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Abstract

We presenaproofoutlinegeneratiorsystenfor asimpledata-parallekernel
languagecalled £. We showthatproof outlinesareequivalento the soundand
completeHoarelogic definedfor £ in previouspapers.Proofoutlinesfor £ are
very similar to thosefor usualscalarlike languages.In particular they canbe
mechanicallygeneratedackwardsrom thefinal post-assertionf the program.
Theyappeathusasavaluablebasisto implementavalidationassistanceool for
data-paralleprogramming.
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Introduction

Data-parallelanguagefaverecentlyemegedasa majortool for large scaleparallel
programming An impressiveeffort is currentlybeingputondevelopingefficientcom-
pilersfor High Performancd-ortran(HPF).A data-paralleextensiorof C, primarily
influencedby Thinking Machines C*, is currentlyunderstandardizationOur goalis
to provideall thesenewdevelopmentsiith the necessargemantidases.

In previouspapers,we havedefineda simple, but representativedata-parallel
kernel language[5], and we have describeda natural semanticsfor it. We have
designeda soundproof systembasedon an adaptatiorof Hoarelogic [4]. We have
shownit givesriseto aWeakesPreconditiorcalculug2], which canbeusedto prove
its completenestor loop-freeprogramg3].

Yet, a crucial stepremainsto be donefor a practicalapplicationof theseresults.
QuotingApt andOlderogs seminalbook[1, Section3.4]:

Formalproofsaretediousto follow. We arenotaccustometb follow-
ing a line of reasoningresentedn small,formal stepq...].

A possiblestrategyliesin thefactsthat[programshrestructured.The
proofrulesfollow thesyntaxoftheprogramsothestructureoftheprogram
canbeusedto structurethe correctnesproof. We cansimply presenthe
proofby giving aprogranwith assertiongterleavedtappropriatglaces
[..]

Thistypeof proofis moresimpleto studyandanalysahantheonewe
usedsofar. Introducedby GriesandOwicki, it is calleda ProofOutline.

The presentatiorof Apt and Olderogfocuseson control-parallelprograms,thatis,
sequentiaprocessesomposedvith the || operator In this paper we showthatthe
approachof Griesand Owicki can be adaptedas well to data-parallelC programs,
giving birth to a notion of data-paralleannotations.

Forthe sakeof completenessye briefly recallin Sectionl thedefinitionof the £
languageijts logical two-partassertionsthe associatedHoarelogic andthe Weakest
Preconditioncalculus. Section2 describeghe formationrulesfor the Data-Parallel
ProofOutlines.In contraswith theusualscalarcasetheyaregeneratedéh two passes.
Pasdl labelsprograminstructiorwith theirrespectivextenof parallelism(to becalled
activitycontextelow);it workstop-down.Pas2 generatetheintermediatessertions
startingfrom the final post-condition it works bottom-up. Section3 describesan
example. Section4 provesour main result, which is the equivalencebetweenthis
notionof Data-ParalleProofOutlineandthe Hoarelogic for L.

1 Asound and complete proof system for asmall data-
parallel language

An extensivepresentatiorof the £ languagecanbe foundin [5]. For the sakeof
completenessye briefly recallits denotationatemanticgsdescribedn [2].
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1.1 The £ language

In the data-paralleprogrammingmnodel,the basicobjectsarearrayswith parallelac-
cess.Two kindsof actionscanbeappliedto theseobjects:component-wiseperations,
orglobalrearrangementsA prograrmis asequentiatompositiorof suchactions.Each
actionis associatedvith the setof arrayindicesat which it is applied. An index at
which anactionis appliedis saidto be active Otherindicesaresaidto beidle. The
setof activeindicesis calledthe activity contextor the extentof parallelism It canbe
seemasabooleamarraywheretrue denotesactivity andfalseidleness.

The £ languagds designedasa commonkernelof data-parallelanguagedike
C* [9], HYPERC [8] or MPL [7]. We donotconsidetthescalampartof thesdanguages,
mainly importedfrom the C' language. For the sakeof simplicity, we considera
uniquegeometryof arrays: arraysof dimensionone, also calledvectors Then,all
the variablesof £ are parallel, and all the objectsare vectorsof scalars,with one
componentat eachindex. As a convention,the parallel objectsare denotedwith
uppercaséetters. Thecomponenof parallelobjectX locatedatindex« is denotedyy
X|,. Thelegalexpressionsireusualpure expressions,e. expressionsvithout side
effects. Thevalueof a pureexpressioratindex « only dependon the valuesof the
variablescomponentsitindex«. Theexpressionareevaluatedy applyingoperators
component-wist parallelvalues.We do not detailthe syntaxandsemantic®f such
expressionanyfurther We introducea specialvectorconstantalledT his. Thevalue
of its componentt eachindex « is the valuew itself: Vu : This|, = u. Notethat
This is apureexpressiorandthatall constructslefinedherearedeterministic The
L-instructionsarethefollowing.

Assignment: X:=F£. At eachactiveindex«, componentX |, is updatedwith the
localvalueof pure expressiont.

Communication: get X from A into Y. At eachactiveindex u, pure expression
A is evaluatedo anindex v, thencomponent’|, is updatedwith the valueof
componentX | . We alwaysassumehatv is avalid index.

Sequencing: S;T. Ontheterminationof thelastactionof 5, the executionof the
actionsof 7T’ starts.

Conditioning: where B do S end. Theactiveindiceswherepure boolearexpres-
sion B evaluateso falsebecomddle duringtheexecutiorof 5. The otherones
remainactive. Theinitial activity contextis restorecon theterminationof .

Iteration: loop B do 5. Theactionsof S arerepeatedlyexecutedwith the current
extentof parallelismuntil pure booleanexpressionB evaluateso falseat each
currentlyactiveindex. The currentextentof parallelismis notmodified.

In thefollowing, werestrictourselvego linear programsi.e. programswithoutloops.

1.2 Denotational semantics of linear £-programs

We recallthe semanticf £ definedin [2] in the style of denotationakemanticsby
inductionon the syntaxof L.
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An envionments is afunctionfrom identifiersto vectorvalues. The setof envi-
ronmentds denotedby Env. Forconveniencewe extendthe environmenfunctions
to the parallelexpressions:o( ') denoteshe value obtainedby evaluatingparallel
expressionk in environments. We do not detail the internalsof expressiongny
further Notethato(This)|, = « by definition.

Definition 1 (Pure expression) A parallelexpessionF is pureif for anyindexu,
andanyenvionments ando’,
(¥X : o(X)], = /(X)) = (a(B)], = o'(E)],).

Let o beanenvironment, X avectorvariableandV avectorvalue. We denote
by o[X «— V] thenewenvironment’ whereo’(X) = V ands’(Y) = o(Y) for all
Y # X.

A contexte is abooleanvector It specifieghe activity at eachindex. The setof
contextds denotedy C'tz. We distinguishaparticularcontextdenotedy True where
all componentdavevalue true. For conveniencewe definethe activity predicate
Active.: Active(u) = c|,.

A stateis a pairmadeof anenvironmentinda context. Thesetof statess denoted
by State: State = (Env x Ctz)U{L} whereL denotesheundefinedstate.

The semanticg]S] of a program S is a strict function from State to State.
[S](L) = L, and[S] is extendedo setsof statesasusual.

Assignment: At eachactiveindex,thecomponenbf theparallelvariableis updated
with thenewvalue.
[X:=E](o,¢) = (o', ¢),

with o’ = o[ X «— V] whereV| = o(F)|, if Active(u), andV|, = o(X)|
otherwise . Theactivity contextis preserved.

u

Communication: It actsverymuchasanassignmengxcepthattheassignedalue
is thevalueof anothercomponent.

[get X from A into Y](o,¢) = (o', ¢)

with o' = oY — V] whereV|, = o(X)|,,, Iif Active(u), andV|, =
o(Y)|, otherwise.

Sequencing: Sequentiatompositionis functionalcomposition.
[5:T1(o, ¢) = [TT([5]1(o, c)).

Conditioning:  The denotationof a where constructis the denotationof its body
with anewcontext. Thenewcontexts theconjunctionof the previousonewith
thevalueof thepureconditioningexpressions.

[where B do S](o,¢) = (¢',¢)

with [S](o,c A o(B)) = (o', ).
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1.3 The k" proof system
1.3.1 Assertion language

We defineanassertionanguagefor the correctnessf £ programsn thelinesof [1].
Sucha specificatioris denotedby aformula{ P} S {Q) } whereS is theprogramtext,
and P and @ aretwo logical assertion®on the variablesof 5. This formulameans
that,if preconditionP is satisfiedn theinitial stateof programs, andif .S terminates,
thenpostcondition) is satisfiedin the final state. As we considerhereonly linear
programs,S will alwaysterminate.A proof systemgivesa formal methodto derive
suchspecificatiorformulaeby syntax-directednductionon programs.

We recall below the proof systemdescribedn [2]. As in the usualsequential
casetheassertiodanguagemustbe powerfulenoughto exprespropertieonvariable
values. Moreover it hasto handlethe evolution of the activity contextalong the
execution.An assertiorshallthusbe brokenup into two parts: { P, C'}, whereP is a
predicateon programvariablesandC' apurebooleanvectorexpressionTheintuition
is that the currentactivity contextis exactly the value of ' in the currentstate,as
expresseth the definitionbelow

Definition 2 (Satisfiability) Let(o,c) beastate,and{P, C'} anassertion.Wesay
that (o, ¢) satisfieshe assertion{ P, C'}, denotedvy (o,¢) = {P,C},if o = P and
o(C) = ¢. Thesetof statessatisfying{ P, C'} is denotedby [{P,C}]. Whenno
confusiommayarise,weidentify{ P, C'} and[{ P, C'}].

Definition 3 (Assertion implication) Let{P,C} and{(Q, D} betwo assertions.
We saythat{ P, C'} implies{@, D}, andwrite { P, C'} = {Q, D}, iff

(P=0Q) and (P=VYu:(C|,=D|,)

Our assertiolanguagemanipulateswo kinds of variables,scalar variablesand
vector variables. As a convention,scalarvariablesare denotedwith a lowercase
initial letter, and vector oneswith an uppercasene. We havea similar distinction
on arithmeticandlogical expressionsAs usual,scalar(resp. vector)expressionare
recursivelydefinedwith usualarithmeticandlogical connectives Basicscalar(resp.
vector)expressionarescalar(resp.vectoryariablesandconstantsVectorexpression
canbe subscripted If the subscriptexpressioris a scalarexpressionthenwe havea
scalarexpression.Otherwise,if the subscriptexpressioris a vectorexpressionthen
we haveanothewectorexpressionThemeaningof avectorexpressioris obtainedoy
component-wis@valuation. We introducea scalarconditionalexpressiorwith a C'-
like notationc?e : f. Itsvalueis thevalueof expressior if ¢ is true,and f otherwise.
Similarly, thevalueof aconditionalvectorexpressiondenotecdy C? F : F', isavector
whosecomponenatindexw is £|, if C|, istrue,andF’|,, otherwise.

Predicatesareusualfirst orderformulae. Theyarerecursivelydefinedon boolean
scalarexpressiongvith logical connectivesndexistentialanduniversalquantifierson
scalarvariables Notethatwe do not considemuantificationon vectorvariables.

We introducea substitutiormechanisnfor vectorvariables.Let P bea predicate
or any vectorexpression,X avectorvariable,and £ a vectorexpression.P[E /X
denoteghepredicatepr expressionpbtainedoy substitutingall the occurrencesf X
in P with E. Notethatall vectorvariablesarefree by the definition of our assertion
language TheusualSubstitutionLemma[1] extendgo this newsetting.
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Lemma 1 (Substitution lemma) ForeverypredicateonvectorvariablesP,vector
expessiont’ andenvionments,

o P[E/X] iff o[X — o(E)] =P

We candefinethevalidity of aspecificatiorof a £ programwith respecto its denota-
tional semantics.

Definition 4 (Specification validity) LetS bea £ program,{P,C} and{Q@, D}
two assertions. We say that specification{ P,C'} S {Q, D} is valid, denotedby
EA{P,C}S{Q,D},if for all stateqo,c)

((0,¢) = {P,C}) = ([S1(o,¢) = {@Q, D}).

1.3.2 Proof system

We recall on Figure 1 the proof systemdefinedin [3]. This systemis a restricted
proof system,in the sensethat a numberof rules only manipulatesa certainkind
of specificationformulae, preciselytheseformulae{P,C'} S {@Q, D} suchthatthe
booleanvectorexpressionD describinghefinal activity contextmaynotbe modified
by the programs5. More formally, usingthe notationsof [1], we definethe following
setsof variables.

Definition 5 Let £ beanexpession.Var( £) is thesetof all variablesappearingin
E. ExpressionE mayonly dependon the valuesof thesevariables. We extendthis
definitionto a £L-program.: Var(.9) is thesetof all variablesappearingin 5.

Let S bea £-program. Changés) is the setof programvariableswhichappear
on theleft-handsideof an assignmenstatemenbr asthetargetof a communication
statementOnly thesevariablesmaybe modifiedby executings'.

A sufficientconditionto guarante¢heabsencef interferencéetweens andD isthus
Changés)n Var(D) = 0.

The proof systemcontainsa particularrule, called the Substituton Rule This
rule is usedto handleconditioningconstructswherethe variablesappearingn the
conditioningexpressiomaybemaodifiedby thebodyof the construct.Moreformally,
if we considerthe programwhere B do S end with Var(B) N Chang¢s) # 0, the
valueof B onexiting 5 maybedifferentfromits valueonenteringthisbody. Thisfact
leadsusto introducehiddenvariables i.e. variablesthatdo not appeain programs,
contextexpressioner postconditionsThesevariablesareusedo storetemporarilythe
initial valueof conditioningexpressionand,astheydo notappeain programsthese
valueremainsunchangedliuring the executionof thebody As hiddenvariablesare
in away “new” variablesthereis noreasorwhy theyshouldappeain specifications.
Therole of the SubstitutionRule is namelyto getrid of themeventually

If aspecificatiorformula{P,C} S {Q, D} is derivablein the proof systemthen
wewrite " {P,C'} S {Q, D}.

Theorem 1 (Soundness of " [3]) Thek" proofsystemis sound:If -* {P,C} §
{@, D}, thenl= {P,C} 54{Q, D}.
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X ¢ Var(D)
{QI(D7E: X)/X],D} X:=E {Q, D}

AssignmenRule

Y ¢ Var(D)
{QI(D?X],:Y)/Y],D}get X from Ainto Y {Q, D}

CommunicatiorRule

{P,C} S{R,E}, {R,E}T {Q, D}
{P.C} ST {Q, D}

Sequencindrule

{P,C AB} S{Q,D}, ChangéS)n Var(C) =0
{P,C} where B do Send{Q,C}

ConditioningRule

{p,Cy={P,C}, {P,C} 5{Q", D'}, {Q, D'} = {Q, D}
ConsequencRule P.C15 {0, D}

{(P,C}5{Q,D}, Tmp¢ Var(S)U\Var(Q) U Var(D)
{P[E/Tmd, C[E/TmR} 5 {Q, D}

SubstitutionRule

Figurel: Thet" proofsystentor linear L

1.4 Weakest preconditions calculus

A weakespreconditiongalculushasbeenpresentedh [2], andhasbeenusedto prove
the completenessf the =" proof systemin [3]. We briefly recall heresomeuseful
definitionsandresults.

Definition 6 (Weakest preconditions) Let & be a subsetof State, S a linear
L-program. We definetheweakespreconditionsas

WPR(S, &) = {s € State] [5](s) € €}

Lemma 2 (Consequence Lemma) = {P,C} S {Q,D} iff [{P,C}] C
WR(S,{Q, D}).

Theweakestpreconditionglefinedabovearesetsof states.As such,they cannot
be explicitly manipulatedn the proof system.We haveto provethattheseparticular
setsof statescanactuallybe describedy suitableassertionsThis is the definability
problem. Definability resultshavebeenprovedin [2]. Theyarelistedup on Figure2.
We addherea generakresulton WPthatwill helpusin thenextsection:if we usethe
Definability Propertiego constructhe assertiordefininga weakespreconditionthe
variablesappearingn thisassertioralreadyappeain theprogramthepostconditioror
the contextexpressionln otherwords,andmoreintuitively, computinga WP doesnt
generaténew” variables.Thisfactis expressedh thefollowing proposition.
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Construct Conditions WeakesPrecondition
WP X = E,{Q,D
Assignment X ¢ Var(D) & {@.D})
= {QI(P?E: X)/X], D}
WPR(get X from A into Y, {Q, D
Communication Y ¢ Var(D) g 1@, D})

= {QID?X], : Y)/Y], D}

Sequencing

WR(51;55,{Q, D})
= WR(S,, WR( S5, {Q, D}))

Conditioning(1)

Var(D)N Change(S) =0
Var(B) N Change(S) = ()
WP(S,{Q,D/\ B}) ={pr.C}

WRwhere B do S end, {Q,D})
= {Pv D}

Conditioning(2)

Var(D)N Change(S) =0
Tmp¢ Var(.S) U Var(Q) U Var(D)
WP(S7 {Q. DA Tmp}) ={P,C}

WRwhere B do S end, {Q,D})
={P[B/Tmd, D}

Figure2: Definability propertieof weakespreconditiondor linear £L-programs
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Proposition 1 Let 7 beavariable, S a program, anassertionand D a boolean
expessionsuchthatVar(D) N Changés) = 0. If

Z ¢ Var(S)U\Var(Q) U Var(D),
thenthere existssomeassertior{ P, C'} suchthat
WF(S7 {Q7 D}) = {Pv C}v

and
Z ¢ Var(P) U Var(C).

Proof

This resultis a consequencef the definability propertiesandis establishedy
inductiononthestructureof 5.

o IfS=X:=E,WP5,{Q,D})={Q[(D?E: X)/X],D}.AsZ ¢ {X}U
Var(E)UVar(Q)U Var(D), Z doesnt appeain theweakesprecondition.

e Thecaseof communications similar to thatof assignment.

e If S = 51,5, thenbyinduction hypothesisZ doesnt appeain theassertio
WHR(S2,{Q, D}). AsWRS,,{Q, D}) is usedaspostconditiorfor S, a
seconduseof theinductionhypothesidor S, showsthatZ doesnt appear
in theassertioflNP(S,{Q, D}).

e If S = where B do T end, we havetwo caseso consider

— If Var(B) n Changés) = (), we apply thefirst definability property
for conditioning Let usassumehatWR(1T',{Q, D A B}) = {P,C}.
We haveZ ¢ Var(S), soZ ¢ Var(B). The inductionhypothesis
thusyields Z ¢ Var(P), soZ doesnt appealin { P, D}, whichis the
preconditiorfor S

— IfVar(B)NChangés) # 0, weapplythesecondiefinabilityproperty
for conditioning Let Tmp be a variablenot in Var(1) U Var(Q) U
Var(D), andlet {P,C} be WR(T,{Q,D A Tmp}). If Z = Tmp
then,asWR(S,{Q,D}) = {P[B/Tmyg, D}, Z is substitutecby B
in the weakesiprecondition,so it doesnt appeatin it any more. If
Z # Tmp thenby inductionhypothesis; ¢ Var(P) andZ ¢ Var(B),
soZ ¢ Var(P[B/Tmg).

Proofof Propositionl is done. Q

As shownin [3], theuseof WP calculuss thekeyto establistthe completenessf
thet" proof system.

Theorem 2 (Completeness of " [3]) Let{P,C} S {Q, D} beaspecificationIf

FA{pC}S{Q, D}

then
F P, C}S{Q, D}
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2 A simple two-pass proof method

We presenthere a simple proof methodthat allows, after a first stepthat slightly
transformghe program to handleit asanusualscalamprogram.Thefirst stepconsists
in alabelingof theprogranthatexpressethedepthof conditioningconstructsin other
words,a subprogramabeledby : is executedvithin the scopeof : where constructs.
This labelingfollows the syntaxof the program:labelsareincreasedn enteringthe
bodyof anewconditioningconstruct.Contextexpressionaresavecherein aserief
auxiliary variables.This allowsusto alleviateanyrestrictionon contextexpressions.

The secondstepconsistin a proof methodsimilarto thatusedin the scalarcase.
It is presentedherein theform of a proof outline. As introducedoy GriesandOwicki
in 1976, this form gives a more convenientpresentatiorof the proof, interleaving
assertiongndprogramconstructg1].

In this sectionwe give the formal descriptionof thetwo stepsandthenprovethe
equivalencéetweerthis proof methodandthet" proof system.

2.1 First step: syntactic labeling

In this step,we associatdo eachsubprogranof the consideredrograman integer
labelthatcountsthe numberof nestingwhere constructs Countingstartsat 0 for the
entireprogram.Consideffor instancethe program

where X>0 do
X:i=X+1;
where X>2 do
X:i=X+1;
end end

We wantto getthefollowing labeling.

(0) where X>0 do
(1) X:=X+1;
(1) where X>2 do
(2) X:=X+1
end
end

In orderto storecontextexpressionsye distinguishparticularauxiliary variablesthat
do notappeaiin programs.

Definition 7 Variables{Tmp | : € N} aresuchthatfor anyprograms, andfor any
index:, Tmp ¢ Var(.). Thissetis thesetof auxiliary variables

The conditioningconstructcan be seenasa stackmechanism:enteringa where
construcis thesameaspushingavalueon a contextstack while exiting thisconstruct
corresponds$o a“pop”. Thelabelis namelythe heightof thestack. At a givenpoint,
the currentcontextis correspondingo the conjunctionof all the stacks values.Each
auxiliary variableis usedto storeonecell of the contextstack. Thanksto this storage,
thevariablesappearingn contextexpressionsnaybe modified. We thuscanalleviate
restrictionson contextexpressions.
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For a subprogramat depth:, the currentcontextis the currentvalue of Tmp, A
.. A Tmp. To getaclearerpresentatiorf this fact, we addannotationf the form
[Tmp = B] to eachwhere construct.The previousexampleis recasinto

(0) where X>0do [Tmp = X > 0]
(1) X:=X+1;
(1) where X>2do [Tmp, = X > 2]
(2) X:=X+1
end
end

We now give a formal definition of programlabeling. It is madeby induction
on the programs syntacticstructure andexpressedby theruleslistedbelow (S, 0)
beingthelabelingof programs.

1

o( X = E,

p(get X fromAintoY , ¢) get X from A intoY

)= ()X
) = ()9
1) (5,
) )

e( S = @(5,9); @(T,1)
@(where Bdo Send,:) = (:)where Bdo[Tmp,, = B]
e(S,1+1)
end

2.2 Second step: proof outline

A proof outline is a visual and convenientway to presenta proof with assertions
interleavedn the text of the programat appropriateplaces[1]. The structureof the
prooffollows thestructureof the program thusgiving a morereadablepresentation.
As we uselabeledprogramsandauxiliary variablego storecontextswe know at
eachplacein the programthe expressiordenotingthe currentcontext. We thencan
drop contextexpressionsut of assertiongndproceedexactlythe sameway asin the
scalarcase,with backwardsubstitutions. The only differencesare that expressions
in substitutiors are conditionedby a conjunctionof Tmp, andthat the data-parallel
where constructaddsa new substitution The rulesfor insertingassertionsn proof
outlinesaregivenbelow Contiguity betweertwo assertionsefersto the useof the
consequenceule. If S is alabeledsubprogramwe denoteby S* a proof outline
obtainedrom S by insertionof assertionsandby Lab(.S') thelabelassociatedo 5.

vy >, Tmp ¢ Var(Q)
{QNezo TMRZE : X/X]} (1) X := E{Q}

Vj >, Tmp ¢ Var(Q)
{Q[Noeo TMR.?X |, : Y/Y]} (i) get X from Alinto Y {Q}
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{P} S*{R} {R}T*{Q} Vj>Lab(S),Tmp ¢ Var(R)U Var(Q)
{P} 5= {R} T"{Q}

P=P {P}5{Q} Q' =Q Vj>Llabs),Tmp ¢ Var(Q) U \Var(Q’)
{PHP} S {QHQ}

{P}S*{Q} Lab(S)=i+1 Vj>i,Tmp & Var(Q)
{P[B/Tmp_,]} (i) where B do [Tmp,, = B]
{r}
S*
{Q}
end{Q}

{P} 5" {Q}
{P} 5 {Q}

whereS** is obtainedrom 5* by deletinganyassertion.

Let us explainintuitively the needof restrictionsof the form “v; > 7, Tmp ¢
Var(Q))". In therule for the conditioningconstructwe substituteTmp_ , by B. We
thusneedthat Tmp_, ¢ Var(Q) to respecthe conditionsof the SubstitutionRule.
But, asthe postcondition(() is the samefor 5 andfor where B do S end, we need
thatconditionto be satisfiedfor everynestingdepthgreatetthanLab(.5).

We will provein Section4 thatthis proof methodby annotationss in fact strictly
equivalento the" proofsystemdefinedabove.

Theorem 3 Let{P} (0)S {Q} bea formulasuchthat for eachj > 0, Tmp ¢

Var(Q).
{P} 5" {Q}isaproofoutlinefor §

)
F{P, Tmp} 5 {Q, Tmp}
3 A small example

Wegobackin thissectiorto ourpreviousexample We wantto provethetwo following
specifications.

{X], =2, True} {X], = 1,True}
where X>0 do where X>0 do
Xi=X+1; X:i=X+1;
where X>2 do where X>2 do
X:=X+1 X:=X+1
end end
end end
{X], =4, True} {X], = 2,True}
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Theproofsaresimply doneby establishinghefollowing proof outline— theresult
of thefirst stephasalreadybeengivenasexamplen the previoussection.

First proof {(Tmp AX > 0A(TmMp A X > 07X 4+1:X)>22(Tmp A X >
07X +1:X)+1:
(TmMp A X > 07X +1:X))|, =4}
(0) where X>0do [Tmp = X > 0]
{(Tmp ATmp A(TM ATMP?X +1:X) > 22(Tmp ATmp?X +1:
X)+1:
(Tmp ATmp?X +1:X))|, =4}
(1) X:=X+1;
{(Tmp ATmp A X > 27X +1:X)|, =4}
(1) where X>2do [Tmp, = X > 2]

{(Tmp ATmp ATmp?X +1: X)|, =4}

(2) X:=X+1
{Xl, =4}
end

{Xl, =4}
end

(x|, =4

If we denoteby P thefirst assertiorof this proof outline, we only haveto prove
that
X|,=2ATmp, = True= P.

In otherwords,we provethat
X|, =2 = P[True/Tmp]
Theassertion”[True/ Tmp)] is equivalento
{(X > 0A(X > 02X +1:X) > 22(X > 02X+ 1:X)+1:(X > 02X +1:X))|, = 4}

Let us consideranindex » suchthat X|, = 2. Then,the booleanexpression
(X >0)|,istrue.AsX + 1], >2,((X >07X +1:X)>2)| isalsotrue.
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Conditionalexpression
(X>0AN(X>07X+1:X)>20(X>07X+1:X)+1:(X >07X+1:X))|,

thussimplifiesinto (X > 07X +1 : X)+1| , whichin turnsimplifiesinto X +141],.
AssertionP[True/ Tmp] thussimplifiesinto X 4 1 4 1|, = 4, whichis true.

Second proof. As nosimplificationusingthevalueof X occursin thefirst proof
outline, the secondis almostthe same: we just replacethe value 4 by the value 2.
Then,if we denoteby P’ the assertiorobtainedby substitutingd by 2 in P, we just
haveto checkthat

X|,=1= P'[True/Tmp]

Let us consideranindex » suchthat X| = 1. Then,the booleanexpression
(X > 0)|], istrue. Butthistime,as X + 1|, =2, (X > 07X +1: X) > 2)| is
false.

Conditionalexpression

(X>0AN(X>0X+1:X)>20(X>07X+1:X)+1:(X >07X+1:X))|,

thussimplifiesinto (X > 07X 4 1: X)) , whichin turnsimplifiesinto X + 1],.
AssertionP’[True/ Tmp] thussimplifiesinto X + 1|, = 2, whichis true.

4 Equivalence of Proof Outlines and +*

We now wantto provethat the methoddefinedaboveis equivalentto the -* proof
system.More preciselywe wantto provethefollowing theorem.

Theorem 3 Let{P} (0)S {Q} bea formulasuchthat for eachj > 0, Tmp ¢

Var(@Q).
{P} 5" {Q}isaproofoutlinefor §

i
F*{P,Tmp} S {Q,Tmp}

We actuallyprovethemoregenerafollowing fact.

Proposition 2 Let S bea subpogramlabeledby i, and P and ¢) assertionssuch
thatVvj >4, Tmp ¢ Var(@). Then

{P} 57 {Q}
is a proofoutlinefor S if andonly if
F*{P,Tmp A...ATmp} S {Q,Tmp A...ATmp}

We beginwith theeasiespartof the proof: if thereexistsa proofoutline,thenthe
desiredspecificatioris derivablein .
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Proof

Let S be a subprogramabeledwith ¢, and{ P} S* {Q} aproofoutlinefor 5.
The proofis by inductionon the length of the constructiormadeto obtainthe
proofoutline. We havesix casedo considercorrespondingespectivelito each
derivationrule for proofoutlines.

¢ If thelastrule appliedwas
Vj >4, Tmp ¢ Var(Q)
{QINi=o TMRTE : X/X]} (1) X := E{Q}
then,sinceX ¢ {Tmp | i € N}, we havel-" {P,Tmg A ...ATmp} S
{Q, Tmp A...ATmp}.

¢ The secondcase,dealingwith the communicatiorstatementjs handled
exactlythesameway.

¢ If thelastrule appliedwas

P=P {P}S{Q'} Q' =@Q Vj>Labs),Tmp ¢ Var(Q)u Var(Q’)
{PHP} S {QHQ} ’

then by induction hypothesiswe havet-* {P', Tmp A ... A Tmp} S
{Q',Tmp A ...ATmp}, sotheconsequenceile of -* appliesandgives
thedesiredresult.

¢ If thelastrule appliedwasthe rule for sequentiatompositionthenthere
existS; and S, suchthat 5 = S;;5,, and an assertionR suchthat we
havethe proofoutlines{ P} S; {R} and{R} S5 {Q}. Furthermorewe
know that S, and S, arelabeledby the samevalue:. By the rule for
sequentiatompositionin proofoutlines,we havev; > i,Tmp ¢ Var R.
By inductionhypothesisyve thushave

F*{P,Tmp A...ATmp} 57 {R,TMp A...ATmp}
and
F*{R,Tmp A...ATmp} S5 {Q, Tmp A...ATmp}.
Then,the Sequencindgrule of " appliesandyields
F*{P,Tmp A...ATmp} S {Q, Tmp A...ATmp}.
o If thelastusedrule was
(P71 {Q} LaT)=14i+1 Vj>i,Tmp & Var(Q)
{P'[B/Tmp,]} (z) where B do [Tmp_, = B]
an{()}

with P = P'[B/Tmp,,]. WehaveVj > i+ 1,Tmp ¢ Var(Q)), soby
inductionhypothesis

AP, Tmp AL ATMQATMR,  } 7{Q, TmpA...ATmQATmMR,,}
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AS{P'ATmp,, = B,Tmp A...ATmp A B} = {P', Tmg A...A
Tmp A Tmp,, }, the ConsequencRuleyields

F*{P'ATmp,, = B, TmpA.. ATMPAB} T {Q, TmpA.. ATmQATMR,, }.
Thewhere Ruleappliesandyields

F{P' ATmp,, = B,Tmp A...ATmp} S {Q,Tmp A...ATmp}.
Finally, usingthe SubstitutiorRulewith B/Tmp, yields

F*{P,Tmg A...ATmp} S {Q, Tmp A...ATmp}.

¢ Thelastcase(eliminationof assertiongn the proofoutline)is straightfor
ward.

Theproofof thefirst partof Propositior?2 is done. a

We now wantto provesecondpartof Proposition2. The proof usesthe weakest
preconditionandneedgshefollowing auxiliary result.

Proposition 3 Let() beanassertionsuchthatTmp,, ¢ Var(Q). If
WRS, {Q, Tmp A...ATmR,}) ={P, Tmp A...ATmp, },
then
WHR(where B do S end, {Q, TmpA...ATmp}) = {P[B/Tmp,,], TmpA...ATmp}.

Proof

Let(o,c) € WRwhere B do S end,{Q,Tmp A...ATmp}). Let(o’,c) be
[where B do S end](o,c). We have[S](o,c A o(B)) = (¢',¢ A o(B)), and
(0',¢) E {Q, TmpA...ATmp} bythedefinitionof WP. Leto, = o[Tmp,, «
o(B)], ando; = o1[Tmp,, < o(B)]. Sincel'mp;,, is anauxiliary variable,
we haveTmp,, ¢ Var($), and

[Sl(a1,¢ A a(B)) = (01, ¢ A a(B)),
and,asTmp;, ¢ Var(Q),
(o,¢) E{Q, Tmp A...ATmp}.
Furthermoreg{(Tmp,,) = o(B), so
(01,cNo(B)) ={Q, Tmp A...ATmp,,}.
We candeducehat(o,,c A o(B)) = {P,Tmg A...ATmp,,}. Thus

o |= P[B/Tmp,,].
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AsTmp isanauxiliaryvariable,we havevi, Tmp ¢ Var(5), soo’(Tmp A...A
Tmp) = c implies
o(Tmg A...ATmR) = c.

Conversely let (o,¢) € [{P[B/Tmp,,],Tmp A...ATmp}]], ando;, =
o[Tmp,, — o(B)]. We have

[where B do S end](o,¢) = (¢, ¢),
with [S](co,c A o(B)) = (o', c A o(B)).
If o} = 0,[Tmp,, « o(B)], wealsohave

[where B do S end](oy,¢) = (o7, ¢),

with [S](o1,c A o(B)) = (o1, ¢ A o(B)).

As(o,c) € [{P[B/Tmp,,],Tmp A...ATmp}]], o1 = P, andasTmp,, ¢
Var(B), wehaveo,(TmA...ATmp,,) = cAo(B). By hypothesisywe have
thus

(01,cNo(B)) ={Q,Tmp A...ATmp,,}.

AsTmp,, ¢ Var(Q@), we concludethat
o' =Q
Furthermoreyi, Tmp ¢ Var(.5), so

o (Tmp A...ATmR) =a(TMp A...ATmp) = c.

This concludeghe proof of proposition3. a

We cannow provethe secondpartof Propositior?.

Let usassumehat
F*{P,Tmp A...ATmp} S {Q,Tmp A...ATmp}.
We wantto find a proofoutline of theform
{r} 57{Q}.
We constructhis outline by inductionon the structureof §'.

e If § = X:=FE: bythesoundnessf the proofsystemwe have
E{P,TmpA...ATmMp} S{Q, Tmp A...ATmp}.
By thedefinitionof WP, we have

{P,Tmp A...ATmp} = WRS,{Q,Tmpg A...ATmp})
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whereWR S, {Q,Tmp A ...ATmp}) = {Q[Tmp A ...ATmMR?E :
X/X], Tmp A...ATmp}. Then

{r}
{QITMp A...ATMR?E : X/X]}
S

{Q}

is aproofoutlinefor 5.
The caseof communicatiorstatemenis handledhe sameway.

{P, Tmp A...ATmR} = WR(5,, {Q, Tmp A...ATmp})
and
{P, Tmp A...ATmR} = WRS,,{P, Tmp A ...ATmp}).

AsVj > i, Tmp ¢ Var($) U Var(Q)), Lemmal guaranteeshatVv;j >
i, Tmp ¢ Var(P,). Thepremise®ftherulefor sequentiatompositiorare
thussatisfied.By thesoundnessf+*, wehavel= { P, Tmpg A...ATmp}
S{Q,Tmp A ...ATmp}, soby thedefinitionof WP,

P = P.
Then
{P}
{h}
S
{P}
S
{@}
is aproofoutlinefor 5.

Considernow the casewhen S = where B doT end. The weakest
preconditiongalculusenablesisto constructa proof

F AP, Tmp A ... ATmMR } T {Q, TmR A...ATmR,, },
where
{P,Tmp AL ATMR,, } = WRT, {Q, Tmg A...ATmp,, }).

By inductionhypothesis,
{P}

T*
{Q}

isaproofoutlineforT.
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But Propositior3 yields

WRS,{Q, Tmp A...ATmp}) = {P'[B/Tmp,, ], Tmp A...ATmp}.

Then,by thesoundnessf the proof systemwe have
E{P,TmpA...ATmp} S{Q, Tmp A...ATmp}.

We concludethat P = P'[B/Tmp_,] andthat

{r}
{P[B/Tmpy, ]}
where B do [Tmp,, = B]

{F'}
T*
{Q}
end
{@}
is aproofoutlinefor 5.

5 Discussion

We have defineda notion of Proof Outline for a simple data-parallelkernel lan-
guage.Dueto thetwo-partnatureof the programassertionsit worksin two passes.
Passl labelslabelseachinstructionwith its respectiveextentof parallelismtop-down;
Pas<2 generategheintermediateannotationdottom-up startingfrom the final post-
condition.

Passl amountgo asimplerewriting. It couldeasilybehandledby someadvanced
texteditor Therewriting processs slightly morecomplexdueto thepossibleconflict
betweerthevectorboolearexpressionslenotingthe currentextentof parallelismand
the assignments FreshtemporaryvariablesTmp haveto be introducedto savethe
activity contexts. Pass2 is very similar to a Proof Annotation generatingsystem
for usual,scalarPascal-likdanguages.The only differencelies in the slightly more
complexsubstitutionmechanism.

This similarity confirmsthatvalidatingdata-paralleprogramss of thesameevel
of complexityasvalidatingscalarprograms.This is in strongcontrastwith control-
parallel CSP-like programs. In this respect,the data-paralleprogrammingmodel
appearssa suitablebasisfor large-scalgarallelsoftwareengineering.

A numberof additionalremarkscanbe made.

¢ Ourequivalenceesultcouldprobablybeadaptedo othershapesf assertionsit
couldbeinterestingo consderforinstanceheone-parasseiibnsof Le Guyadec
and Virot [6] wherethe currentextentof parallelismis keptasthe value of a
specialf symbol.
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¢ Our two-passannotatiormethodcould easilybe carriedout mechanicallyand
integratedn somedesign/validatnassistancéool. The maindifficulty liesin
keepingtheassertionsimpleenougho beunderstoodandcorrected!)by ahu-
manreader The complexsubstitutbn mechanisngeneratesestedconditional
expressionsvhich shouldbe simplified onthefly by someadditionaltool.

¢ Considera conditionedstatemen(i) where B do S. If theconditionedbody 5

doesnotinterferewith theexpressiomenotingthe currentextentof parallelism,
thereis no needto introduceany auxiliary Tmp,, variable. Onecanaswell

usethe conditioningexpressions directly. Thiswill probablyresultin simpler
assertions.Suchan optimizationshoulddefinitely be consideredn designing
anyreal assistanceol.

¢ Proof outlines can also be usedfor automaticprogramdocumentation. An

interestingapplicationwould be to generateannotationst certain“hot spots”
in the programonly, focusingon a setof crucial programvariables.This could
probablyserveasabasisfor aninteractivetool wheretheusercouldbuild atthe
sametime boththe programanda (partial) proof of it.
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